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Abstract 

We consider summability methods generated by the class GM (2/3) . 
We generalize some related results of P. Pych-Taberska [Studia Math. 
XCVI (1990), 91-103] on strong approximation of almost periodic func- 
tions by their Fourier series and S. M. Mazhar and V.Totik [J. Approx. 
Theory, 60(1990), 174-182] on approximation of periodic functions by 
matrix means of their Fourier series . 
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1 Introduction 

Let S p (1 < p < 00) be the class of all almost periodic functions in the sense of 
Stepanov with the norm 



\sp '■= < 



supfi/; +7r I /(f) \Pdt\ 1/P when Kp< 
sup I f(u) I when p = 00. 



Denote yet by the class of all 27r-periodic functions continuous over Q 
[— 7r, 7r] with the norm 

ll/llc 2 „ := sup I /(f) I . 

t£Q 

Suppose that the Fourier series of / G S p has the form 

Sf(x)= V A„(f)e iX » x , where A„(f)= lim - / f^e^di, 
„^ L Jo 



V— — DC' 
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with the partial sums 

S 7 J(x)= J2 A„(f)e iX " x 
\K\<~f k 

and that = A < A„ < A„ + i if v £ N = {1,2,3...}, limAj, = oo, A_ y = — \ u 
\A V \ + \A_ V \ > 0. Let Qa :P , with some fixed positive a , be the set of functions 
of class S p bounded on R = (— oo, oo) whose Fourier exponents satisfy the 
condition 

A,,+i - K > a [y e N) . 

In case / S !J 0iP 

e-oo 

SxJ(x)= / {f(x + t) + f(x-t)}* XkM+a (t)dt, 
Jo 

where 

2sin (!^ s i n (!Z+^ 

* A <" W = n(r,-\)t* (°< A <^ 1*1 >0)- 

Let A := (a„^) be an infinite matrix of real nonnegative numbers such that 

oo 

J~] a ntk = 1, where n = 0, 1, 2, ... , (1) 

fc=0 

and let the ^4— transformation of (S lk f) be given by 

oo 

: =E a "^^/( s ) ( n = 0,l,2,...). 

fc=0 

Let us consider the strong mean 

{00 ~> 1 /i 

J2a n ,k\S 7 J(x)-f(x)\' 1 \ (q>0). (2) 

k=0 ) 

If / G CW, then as usually 

Sf (x) = + jr,(a v {f) cos kx + &„(/) sin fcx) 

and instead of 5* 7fc / we will consider the partial sums 

Skf(x) = + ^ (a, (/) cos fcx + &,(/) sin fcx). 

Thus, instead of T n A 7 / and A / we will consider the quantities T n A f and 
A f defined by the formulas 

00 

T n , A f(x) ~Y, a ^S k f{x) ( n = 0,1,2,...) (3) 
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and 

( oo 



T ij 0*0 = E a -. fc i 5 ^ (*) - / wi 9 ? ( 9 > °) ' ( 4 ) 



, fc=0 



respectively. As measures of approximation by the quantities ([2]), ([3]) and (j4j 
we use the best approximation of / by trigonometric polynomials t k of order at 
most k or by entire functions g a of exponential type a bounded on the real axis, 
shortly g a G B a and the modulus of continuity of /, defined by the formulas 



E k (f)c 2 „=mi\\f-t k \\ c 
E a (f)sp = "if ||/ - g a \\ S P 



"c 2 „ 

or 



and 

uf(5) x = sup \\f(-+t)-f(-)\\ x , X = C 2n orX = SP, 

\t\<6 

respectively. 

In [TT] S. M. Mazhar and V. Totik proved the following theorem: 
Theorem 1 Let f £ Cm- Suppose A := (a njk ) satisfies (QJ), Zim„_ ! . 00 a„.o = 
a n ,k > a n ,k+i k = 0,1,2,... n = 0,1,2,..., 



then 



oo , 1 

\T n>A f {x) - f\\ c ^ <KY,a n ,kUjf i— - 
fc=o ^ 



Recently, L. Leindler [5] defined a new class of sequences named as sequences 
of rest bounded variation, briefly denoted by RBVS, i.e., 

RBVS = | a := (a n ) E C : \a k - a k+1 \ < K (a) \a m \ for all m £ n1 , (5) 

I. k —m ) 

where here and throughout the paper K (a) always indicates a constant only 
depending on a. 

Denote by MS the class of nonincreasing sequences. Then it is obvious that 

MS C RBVS. 

In [5] L. Leindler considered the class of mean rest bounded variation sequences 
MRBVS, where 

MRBVS = {a := (a n ) € C : 



\. ^ m I 

^2 \a k - a k+1 \ < K (a) — ^2 l a fc| for all to G N > 

k=m k >rn/2 J 



(6) 
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It is clear that 

RBVS C MRBVS. 

In [T3] the second author proved that RBVS ^ MRBVS. Moreover, the above 
theorem was generalized for the class MRBVS in [T3] . 

Further, the class of general monotone coefficients, GM, is defined as follows 
( see [IS]): 

{2m-l ^ 
a := (a„) £ C : |a fc - a fe+ i| < K (a) |a m | for all m G N I . (7) 
k—m ) 

It is clear 

U-BVS C GM. 

In [7J [T5J [TBI [T7] was defined the class of (3— general monotone sequences as 
follows: 

Definition 1 Let fi := (/?„) be a nonnegative sequence. The sequence of com- 
plex numbers a := (a„) is said to be (3— general monotone, or a £ GM{j3), if 
the relation 

2m-l 

^ \ a k - afe+i I < K (a) /3 m (8) 

holds for all m. 

In the paper [T7] Tikhonov considered, among others, the following examples 
of the sequences /3 n : 

(1) lPn = \a n \ , 

[cn] 

(2) 2 /3 n = £ M for some c > l. 

k—[n/c] 

It is clear that GM ( iv S) = GM. Moreover (see [13 Remark 2.1]) 

GM d/3 + 2 p) = GM ( 2 /3) . 

Consequently, we assume that the sequence [K (a n ))^L is bounded, that 
is, that there exists a constant K such that 

< K (a n ) < K 

holds for all n, where K (a n ) denote the sequence of constants appearing in the 
inequalities ©-© for the sequences a n := {a n k)^L - 

Now we can give the conditions to be used later on. We assume that for all 

n 

2m- 1 [cm] 

} J \a n ,k - »n,fc+i| < K 2J ~T~ (9) 

k—m fc=[m/c] 

holds if a n — (an,fc)^ belongs to GM (2/3), for n = 1, 2, ... 
We have shown in [9] that the following lemma: 
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Lemma 1 (see J5| Theorem 1.11] ). Suppose that n = O (r n ) and f G CW- 
Then, for any number q > 0,we have 



\i £ lSkf - fl9 } 

\_ k—n—r n ) 



1/9 



< E n - rn (f)c 2 „ 



implies 



Theorem 2 If f € CW, g > 0, (a„, fc )^ G GM ( 2 /3) /or a^Z », 0) and 
lim„ ->oo a n.o — ZioW, £/ien 



1/9 



C2 - U=o 



(10) 



/or some c > 1, and 



, fc=o 



1/9 



C 2 „ 



/or n = 0,1,2, ...// we additionally suppose that (a„ ; fe)^ G MS, then from mU\) 
we deduce 

( oo ^ 1/9 



, fe=0 



for n= 0,1, 2,. 



In this paper we consider the class GM ( 2 /3) in analogical estimate of the 



quantity 



T q f 



Thus we extend the result of S. M. Mazhar and V. Totik 



S" 



(see [TTJ Theorem 1]) and generalize the following result of P. Pych-Taberska 
(see [H Theorem 5]): 



Theorem 3 // / G O a oo and q > 2, then 



rpq £ 
n,A,~fJ 



1 ™ 

k=0 



k + 1 



1/9 



(n + 1) 



1/9 : 



for n = 0, 1, 2, where 7 = (7^) is a sequence with 7/. = ^A, a n> fc = w/ien 
k < n and a n ^ — otherwise. 

We shall write 7i <C / 2 if there exists a positive constant K , sometimes 
depended on some parameters, such that I\ < KI?. 
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2 Statement of the results 

We start with two propositions. 

Proposition 1 If f £ il a , p , n = O (r„) and q > 0, then 



n-l 



1/9 



« 11/11 



S" 



1 n , 1 

k—n—r n 

forn= 1,2,... 

Proposition 2 /// £ £1 Q . P , n = O (r n ) and q > 0, t/ien 



n-l 



1 i 

- E %/-/ 



i/'/ 



k=n—r n 



< £7, 



jal (f)sp 



Sp 



for n = 1,2, .. 



In the special case p = oo and / £ C2tt Proposition 2 reduce to Lemma 1. 
Our main results are following 

Theorem 4 // / G Q a ,p, P > q, (a n ,fe)fclo G GM ( 2 /3) for all n, (Qp and 
lim^^oo a Mi o = ZioZd, i/ien 



T 9 f 



5'' 



1/9 



(11) 



,fc=0 



/or some c > 1 and n = 0, 1, 2, where 7 = (7fc) is a sequence with jk = ■ 

Theorem 5 If f & Q a , P , P > q, i a n,k)^ =0 £ GM( 2 /3) for all n, (Qp and 
limn-^oo a n fi = hold, then 

^ 1/9 



W| S5 « E^/ ^ 

Kk=0 v 



/or n = 0, 1, 2, where 7 = (7^) is a sequence with 7fe = ^jp. 
Theorem 6 If we additionally suppose that (a ra ,fe)fcLo e 

1/9 

T Uj\ Sp ^\^n, k El{f) S A 



. fe=0 



/or n = 0, 1, 2, where 7 = (7^) is a sequence with jk = Tf • 

Remark 1 Taking a n ^ = w/ien k < n and a rit k = otherwise, in the case 
p — 00 we obtain the better estimate than this one from \VA Theorem 5J. 



6 



3 Proofs of the results 



3.1 Proof of Proposition 1 

Denote by Stf the sums of the form 



|A„|<# 



does not contain any A„. Applying Lemma 



such that the interval °^ fc 2 +1 ^ 
1.10.2 of [TU] we easily verify that 



S* k f(x)-f(x) = / ^ (*) * fc (*) rft, 
Jo 

where <p x (t) :=f(x + t) + f (x - t) - 2f (x) and * fe (t) = ^ sk a(fc+1) (t) i.e. 



(*) = 



4 sin sin v 4 j 

7TCrf 2 



(see also 0, p.41). Evidently, if the interval (sf, £^±li) contains a Fourier 
exponent A„, then 



%/ (*) = i/ (*) - (/) z lKx + A-u (/) e"^*) 



Since 



1/9 



X! I A " (/)!'[ ^II/IIbp for 1< p < 2 and <? = -i^ (0 p.78]) 



. 1/— — 00 



and 



ll/IU < ll/IU forp>l (2, p. 7]), 



where ||-||d p is the Besicivitch norm, we have 



whence the deviation 



\A± v {f)\ < WfWsp f°rp>l 



1 n— 1 

- £ |s^/(a;)-/(x) 



can be estimated from above by 



_^ n— 1 



ip x (t) * fc+K (t) dt 



1 n— 1 

f E (ii/i 

/c— n— r n 



^ 9 
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where n equals or 1. Putting h = 2tt/ (an) we obtain 



i ih 



<p x (t) ^ k+K (t) dt = 

= h{k) + h{k) + h{k) 
By elementary calculations we get 



cp x (t) f fc+K (i) dt 



\h(k)\ < 



(2k + 3) a f h 



4tt 



\(p w (t)\dt<*:~ J \<p*(t)\dt 



and 



Therefore 



\h(k)\ < / \tp x (t)y k+K (t)\dt<z: 

J nh 



\Vx {t)\ 



nh 



t 2 



dt. 



i ^ 1 i ph poo 

- £ [|/i(fc)| + |/ 3 (fc)|] ? « r / \<p x (t)\dt + 



\<Px (t)\ 

t 2 



1 1 



dt 



Consequently, we have to estimate the quantity ^J2k=n-r l-^ 2 Wl 9 '■ The m " 
equality of Hausdorf- Young [H Chap. XII, Th. 3?3 II] yields (cf. [II p. 102]) 



- \h(k)\^-j2\i2(k)\ q «- \ 



k=n—r n 
J _ 9 



l<Ar (*)| 



~] 9/9' 



where q' = — §j and q > 2. 

By monotonicity of £fe=n-r„ 

{n-l ~* 1 

1 E 1%/-/} 



S&f-f 



V 1/u 



^ with respect to v > 0, 











< 


! 




Sp 





< ^ / \\<p- {t)\\ S pdt + 



a h 



t 2 



dt - 



nh \\v- (t)\\ q SP 



1/'/ 



1/9' 



Sp 



WfWsp dt 



ISp 



« ||J 



\SP 



nh 



nh 



id*. 



1/9' 



dt 



11/11 



I s* 



'1 r h j_ \ 1/9 

n .A i 9 ' / 



for any v G (0, g] such that q' < p. 
Thus the desired result follows. □ 
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3.2 Proof of Proposition 2 

The proof is standard and the estimate follows from that of Proposition 1. 
Namely, taking g a e B a such that E a (f)sp = \\f — g^Wsp wc obtain 



\k E 1%/-/ 

^ k—n — r n 
^ k—n — r n 

E |%(/-5.)-(/-5.)f} 



1/9 



5f 



< 11/ — fcrllsp , 

with cr = a ( n ~ r ") ; an d thus our result follows. □ 



3.3 Proof of Theorem 4 

Let 



< 



rpq r 
n,A,~fJ 



2 lcJ -l 



Sp 



1/9 



^ a n ,fe Sc&f-f + ^2 a «>fe Sc^f-f 

k=0 fc=2M 



1/9 



^ On,)! 



fe=0 



oo 2" 



1/9 



E E a "< fe 

m=[c] fc=2™ 



= h+h- 



Si' 



for some c > 1. Using Proposition 2 we obtain, for p> q, 

1/9 



2[cl -i fc/2 + 1 fc I 

fc=0 ' 2=fc/2 



Sp 



< < 



2^-1 



2 [c] a M 



fe=0 



k/2 + 1 [ 







1/9 


9 \ 


E |%/-/ 


9 




> 


=fe/2 









1/9 



r 2 w-i ^ 1/9 

« ^ ^ a n , k E^(f)sP 
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By partial summation, our Proposition 2 gives 



E 



2 ,„+i_ 2 



E ( a n,k - a n .k+l) 22 



k=2 m 
2 m+1 -l 



1=2" 



+a Ti 



E %/-/ 



2=2" 



1/'/ 



oo 
m=\c] 



fc=2 



1/9 



„ ; 2 m + 1 -l 



|fln,fc — an,k+l | 

E 1%/-/ 



1=2 



E 1%/-/ 

1/9 



,5'f 



1=2" 



1/9 


9 " 


j 









< 



E 



2 m V \a n , k -a n . k+1 \El^(f) SP 

£ ' 2 

k=2 m 

1 I !/« 

+2 m a„. 2m+1 _ 1 i?L™(/)s P 

2 J J 

f OO 



^ |ctn,fe ~ a«,fc+i| + a n ,2™+ 1 -i 



fc=2 m 

for p > q. 

Since (j9|) holds, we have 

s 

< |fln,r ^ a»7,s+l| < J]] |a?i,fe — 0>n,k+l\ 

[c2" 



1/9 



k—r 



< 



E 

fc=2 m 



a„, fc -a„, fe+ i|< ^ ^ (2<2 m <r<s<2 m+1 



whence 



[c2" 



fc=[2 m /c] 



a„, s +i < a„, r + ^ ^ (2 < 2 m < r < s < 2 



fe=[2 m /c] 
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Consequently, 



2 m „ 
a n.2 m + 1 -l 





2 m 


2™ +1 -2 




2 m - 


I E a ":2 m + 1 -l 

r=2 m 






2 / [c2 m ] \ 




E 


a n , r + 2^ 






V fc=[2»»/c] / 




2TTI+1 


1 [c2 m ] 


< 


E 


a„, r + 2™ e ^ 




r=2™ 


fe=[2-/c] 



and therefore 



/ 2 « E 



[c2 m ] 2 m+1 -l 

T 



2 m E q a2 rn (f)sP E ~~f^ + -^.2^" (/)gP E 

fc=[2">/c] 



fe=2 m 



1/9 



Finally, by elementary calculations we get 

2 m+[c] 



/ 2 « { E 

m=[c 



2 m E q a2m (f)sp E -7- + -Ej 2 " (/)gp E 

2 — /C 2 — 

fe=2 m -W *:=2 m 

2 m+[c] ^ V? 

« <! E E l^(f)s<> E a «. fe 



1/9 



fe=2 m -[' 
2 m -l 



»+[c] 



1/9 



E (/)s p E a ™' fe + E ^° 2m (/)g p E an '* 

m— [c] /c=2 m ~[ c ] m— [c] 



fc=2" 



00 2 m -l 



00 2 m +M 

« < IE E ««,^L(/)s P +E E a ».* 15 V 1 tf) 

m=[c] fe=2">-[c] J m =[c] fc=2™ ' ' 



1/9 



5p 



00 2 m -l 00 2 m+[c '-l 00 

« < l E E a n, k E , L(f)sp + E E s^'.* c/v + E ^ 

I 2 2 [c] + l 2 

^ m=[c] fe=2 m -I c l m=[c] fc=2 m m=[c] 



!oo [c] 2"*—+ 1 -l 00 [c]-l2 m + ''+ 1 -l 
EE E sA(/)^EE E ^^tf) 

m=[c] r=l fc=2«»-»- " m=[c] r=0 fe=2 m + 

1/9 

/ , E 9 a2m (f)spa n 2™+i c 
^ — ' 2 

m— [c] 
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< E an, fe £L(/)s*> + E E a ». fc ^ |Q|ii (/) g p + X! a «> fc£7 l 

1/9 



r=lfc =2 [c]-r r=0 fe =2 [<=]+- 2 ' C| + 1 fe=22[c] 



Thus we obtain the desired result. □ 

3.4 Proof of Theorem 5 

The proof follows by the Jackson type theorem 



Sp 

and basic properties of the modulus of continuity wf (-) SP .□ 
3.5 Proof of Theorem 6 

If ( a n,fc)^lo e MS then (o^j.)^ G GM ( 2 /3) and using Theorem 4 we obtain 

f oo ^ 1/9 ( oo (fe+l)2W-l 

T W « E^V^M =iE E ««^V^ sp 

U=0 J [fe=0 m=fc2 [e] 

C oo (fc+l)2W-l V 79 (- oo 

< {E^*(/)SP E <W < E 2[Cl ^(/)^Vfe2W 
[fc=0 2 m=fe2[c] J U=0 

{oo ~> 1/9 (- oo ~> 1/9 

2 [cl $>L(/) S Pa„, fc « lj2 E< L(f)s^n,k 
k=o 2 J U=o 2 J 

This ends of our proof. □ 
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